We study scalar field configurations around Kerr black holes with a time-independent energymomentum tensor. These stationary 'scalar clouds', confined near the black hole (BH) by their own mass or a mirror at fixed radius, exist at the threshold for energy extraction via superradiance. Motivated by the electromagnetic Blandford-Znajek (BZ) mechanism, we explore whether scalar clouds could serve as a proxy for the force-free magnetosphere in the BZ process. We find that a stationary energy-extracting scalar cloud solution exists when the reflecting mirror is replaced by a semi-permeable surface which allows the cloud to radiate some energy to infinity while maintaining self-sustained superradiance. The radial energy flux displays the same behaviour for rapidly rotating holes as magnetohydrodynamic simulations predict for the BZ mechanism.
I. INTRODUCTION
Black hole energy extraction has been a topic of great interest since the discovery of active galactic nuclei (AGN). These ultra-compact regions at the center of many galaxies are the most energetic phenomena in the universe. It is generally accepted that AGN are driven by supermassive black holes at the center of these galaxies, but the details of the power source are still debated. Studies of black hole energy extraction date back to Penrose's gedanken experiment in which a clump of matter disintegrates within the ergoregion of a Kerr black hole [1] . While the Penrose process demonstrates the possibility of classical energy extraction from rotating black holes, it is unlikely to be significant on astrophysical scales. Nonetheless, dynamics within the ergoregion remains the essential component of all classical processes of this type.
Superradiance is another mechanism for energy extraction in which bosonic waves of the form e i(mφ−ωt) are scattered off a black hole rotating with angular speed Ω H = a r 2 + +a 2 . If the waves satisfy the superradiant condition ω < mΩ H then they are reflected and amplified rather than absorbed [2] [3] [4] . This can be interpreted as a consequence of the second law of black hole thermodynamics. Classically, the area of a black hole must increase [5] . When modes satisfying the superradiant condition impinge on a BH, the hole must give up some energy to ensure that the area increases [2, 6] ,
A more physically intuitive picture of rotational superradiance is to consider two zero angular momentum observers (ZAMOs), one very far from the hole and one very near the horizon. From the viewpoint of the observer very far from the hole, only positive (prograde) angular momentum is dumped onto the black hole. Due to frame dragging, the near-ZAMO rotates with the horizon angular speed Ω H . The relative angular velocity of the near horizon ZAMO and the incident waves is ω/m−Ω H , so the near-horizon ZAMO may observe the black hole absorbing negative angular momentum waves. Due to the existence of an ergoregion in stationary axisymmetric spacetimes, the near-horizon observer and the observer at infinity disagree about what is considered energy and what is angular momentum. For superradiant modes, while the near-horizon ZAMO sees positive energy and negative angular momentum impinging on the hole, the distant observer instead sees positive angular momentum and negative energy impinging on the hole. Thus, energy as measured at infinity is extracted from the hole by the scattering of superradiant modes. To construct a configuration in which energy is continuously extracted via superradiant scattering (as one would desire for a model of AGN) requires an influx of waves from infinity. This boundary condition does not correspond to a self-sustaining model of energy extraction. Instead, the most astrophysically plausible mechanism was proposed by Blandford and Znajek [7] . The BZ mechanism involves a force-free magnetosphere surrounding a Kerr black hole. The frame-dragging associated with the black hole perturbs the electromagnetic field configuration and generates an outward-directed Poynting flux. While the BZ mechanism is a prime candidate to generate AGN power, the field equations for a magnetically dominant force-free magnetosphere have only been solved analytically in the perturbative slow-rotation limit [7, 8] . Much of the research into the BZ mechanism involves general relativistic magnetohydrodynamic (GRMHD) simulations [9] [10] [11] . Historically, GRMHD simulations have disagreed with the perturbative results in the limit of rapid rotation, motivating further attempts to understand energy extraction in the near-extremal regime analytically. Indeed, recent work has claimed to extend the perturbative expansion to higher order [12] , leading to consistency with numerical results over the entire range of black hole spin.
Although rather different in appearance, the BZ mechanism and superradiance are fundamentally quite similar. Both mechanisms necessarily rely on the existence of an ergoregion outside the black hole. The condition for energy extraction via superradiance is is the angular speed of the scalar field. Similarly, the condition for energy extraction via the BZ mechanism is Ω EM < Ω H , where Ω EM is the angular speed of the electromagnetic field. Furthermore for a scalar field Φ and a force-free electromagnetic gauge field A µ , the expressions for the energy flux through the horizon are respectively −2ω(ω −mΩ H )|Φ| 2 and −Ω EM (Ω EM −Ω H )(∂A φ ) 2 . As a consequence, the above discussion of superradiance also applies to the BZ mechanism if one replaces the quantities (ω, m) with (Ω EM , 1). Nonetheless, despite this fundamental similarity, the quantitative details of the BZ mechanism are obscured by the complexity of the fundamental equations describing the BZ mechanism.
1 As a result, the quantitative details of scalar superradiance are more accessible, with an analytic solution to the field equation available for the entire range of black hole spins, 0 < a < M . However, as noted above, an important distinction with the BZ mechanism is that superradiant solutions do not lead to a stationary energy flux from the BH. Our goal in this paper is to utilize scalar superradiance as a tractable proxy for the BZ mechanism, by obtaining a physical setting in which the energy flux is time-independent. In particular, a solution available over the entire range of black hole spin would be valuable in allowing a comparison with GRMHD results for the BZ mechanism, particularly for near-extremal solutions.
The rest of this paper is organized as follows. In Section 2 we discuss solutions for scalar fields on Kerr backgrounds dubbed scalar clouds [15, 16] , that fluctuate with a frequency right at the threshold for superradiance, and are 'stationary' in the specific sense of having a time-independent energy-momentum tensor. We proceed to study the effect of perturbations of these scalar clouds with the intention of provoking the cloud to support time-independent energy extraction from the BH. In Section 3 we present a analytic solution that utilizes a semi-permeable membrane outside the ergosphere, and compare the energy extraction rates to those obtained from the BZ mechanism. We conclude in Section 4 with some remarks on backreaction and further applications.
II. SCALAR CLOUDS
Working within the probe approximation, we neglect the backreaction of the scalar field on the metric. The vacuum spacetime of interest is the Kerr black hole. In Boyer-Lindquist coordinates {t, r, θ, φ}, the line element takes the form
1 Recently, a class of exact solutions for force-free magnetospheres has been constructed in the special limit of a null current [13, 14] .
In these coordinates, the metric is singular on the horizon at r = r + where ∆ = 0. When required, we will also make use of horizon penetrating Kerr-Schild coordinates. Throughout, we work with Planck units, where G = c = 1.
The action for a complex scalar field Φ with mass µ takes the form
leading to the Klein-Gordon equation of motion,
Exploiting the timelike and axial symmetries of the background, we consider oscillatory solutions of the form,
When the scalar field is sufficiently massive (µ 2 > ω 2 ), and the frequency is equal to the critical superradiant frequency,
a stationary bound state of the scalar field, or scalar cloud, exists [15] . These solutions were first obtained in the probe limit around extremal black holes, but have since been shown to persist as full solutions of the Einstein-scalar system. They bypass the no-hair theorem through specific time-dependence, that still leads to a stationary energy-momentum tensor [16] . In accord with the previous physical picture, the critical frequency is analogous to the rotation speed at which the nearhorizon ZAMO sees no angular momentum impinging on the BH. Scalar clouds owe their existence to a resonance effect in which they neither extract energy from nor lose energy to the black hole. While they do not extract any energy from the black hole, they provide a medium which persists in the ergosphere, similar to the physical magnetosphere. In the BZ mechanism, a force-free magnetosphere supports time-independent energy extraction from the black hole. The scalar system exhibits a cloud solution that does not support energy extraction on its own, but the system is on the verge of superradiance. In the next section, we explore whether the cloud can be perturbed to support time-independent energy extraction, analogous to the force-free magnetosphere in the BZ mechanism.
A. Perturbations
The complex scalar system can be perturbed in numerous ways by adding various source or interaction terms to the action. However as long as the source terms respect the symmetry of the background spacetime (stationarity and axisymmetry), the equation of motion will always possess a solution of the form Φ = χ(r, θ)e imφ e −iωt . Due to the U (1) symmetry of the theory, this statement also holds in the presence of interactions, e.g. |Φ| 4 , which respect that symmetry.
To investigate the effect of these perturbations on energy extraction from the black hole we must consider the conserved energy flux for the scalar field,
µν is the energy momentum tensor of the scalar field and k ν is the Killing vector which is timelike at infinity. To calculate the rate of energy extraction from the black hole we project the energy flux vector along the null horizon generating Killing vector ξ
µ is the azimuthal Killing vector. The outgoing energy flux through the horizon is given by the expressioṅ
where Σ t is a constant time slice. For the scalar ansatz above, this expression becomeṡ
(8) The addition of stationary axisymmetric sources can only modify the weight |Φ| 2 , and thus no sources respecting the background symmetry can perturb a scalar cloud solution to support energy extraction.
If instead, we minimally couple the complex scalar field to a background gauge field A µ , it is p t = ω + qA t and p φ = m − qA φ which enter the expression for the horizon flux. For a scalar field with charge q coupled to a gauge field A µ the outgoing energy flux through the horizon iṡ
(9) It follows that a scalar cloud characterized by ω = mΩ H can be perturbed into the energy extracting regime by coupling the scalar field to a horizon penetrating background gauge field. Such charged solutions have been discussed in [17, 18] . However, such a coupling effectively redefines the scalar frequency and angular momentum, which moves the superradiant critical frequency in parameter space. Thus, introducing this coupling has the effect of pushing the scalar field solution away from the stationary bound state, and back into the super radiant regime. Thus, while energy is extracted, it does not meet the goal of achieving a configuration in which the flux is time independent.
The stationarity of the bound scalar cloud was of specific interest as a potential proxy for the stationary electromagnetic field in the BZ mechanism. Instead, we have found that local perturbations tend only to alter the tomography of the cloud and/or redefine the critical cloud frequency. In the next section, we explore another approach focusing more directly on the superradiant regime.
III. ENERGY EXTRACTION VIA PARTIAL CONFINEMENT
As is well known from studies of superradiance, scalar fields with frequencies not equal to the critical frequency can potentially grow exponentially [19] . This phenomena, proposed by Teukolsky and Press, is called the black hole bomb and it occurs when superradiant radiation is continually reflected back onto the black hole. In this section, we reconsider this mechanism and obtain a stationary variant via a global change to the boundary conditions on the reflecting surface.
A. Confinement and the Superradiant Instability
The onset of the instability requires two factors, superradiance and confinement [19] . There are many known methods to confine scalar radiation, e.g. mirror-like reflecting boundary conditions [20] , an anti-de Sitter geometry [21] , strong magnetic fields [22] , and "mass mirrors" [23, 24] . The bound nature of the scalar cloud follows when its mass satisfies the mass mirror condition µ 2 > ω 2 . Asymptotically, the scalar field decays exponentially as e − √ µ 2 −ω 2 r , so any energy extracted from the black hole in the form of scalar radiation cannot radiate to infinity and the amplitude of the scalar field must grow. If we were to allow the radiation to escape to infinity by considering modes with sufficiently large frequency ω 2 > µ 2 , then the scalar field could no longer form a bound state and the energy extraction mechanism would not be self-sustaining.
The instability can be characterized by focusing on the conservation of energy. Take a region of spacetime S bounded by two constant time hypersurfaces Σ t1 and Σ t2 (t 2 = t 1 + dt), and two constant radius hypersurfaces Σ H and Σ ∞ (the horizon and an asymptotic surface respectively). Applying Gauss' theorem we obtain the relation
where dS µ is the restricted volume element for the boundary ∂S.
The first term in (10) is simply the total energy change between the spacelike hypersurfaces. Since the constant time slices are infinitesimally separated we can rewrite (10) as
where Q is the rate of energy lost to infinity.
The remaining integral in (11) is the outgoing energy flux through the horizon, i.e. the rate of energy extraction from the black hole. For a free scalar field with time dependence e −iωt the energy momentum tensor will be proportional to e 2 (ω)t , so that the change in total energy is given by dE dt = 2 (ω)E. This quantifies the intuitive notion that if no energy is lost to infinity but energy flows across the horizon, then the scalar frequency is necessarily complex and the scalar field is unstable to either collapse or the black hole bomb process. Clearly the only way to avoid the instability is to allow the field to dissipate some energy to infinity. It follows that a stable self-sustaining mechanism may follow by introducing partial reflection off a semipermeable surface outside the hole. If an energy extracting scalar field decays exponentially in the absence of a confining mechanism but grows exponentially in the presence of full confinement, then continuity requires there to exist some degree of partial confinement for which the field will be stationary but also extract energy from the black hole.
B. Partial Confinement
The aforementioned system can be analyzed in a manner very similar to the study of confinement via a perfectly reflecting mirror [20] . To proceed analytically we assume that the semipermeable surface is spherical and located far from the hole at r m M . For simplicity, we will assume a infinitely thin non-dynamical surface, localized as δ(r − r m ). We will also consider the case in which the scalar field is both massless and electrically neutral. We could consider a massive field and the results of the following discussion would be qualitatively similar provided that ω 2 > µ 2 . The equation of motion is now
which in the Kerr background is separated with the ansatz Φ = R(r)S(θ)e imϕ e −iωt into a radial ODE and an angular ODE coupled by a constant,
and
The angular equation is solved by the spheriodal harmonics S lm , and the coupling constant K lm = l(l + 1) + O(a 2 ω 2 ) is given in [25] . At the horizon, semipermeable surface, and spatial infinity we must impose boundary conditions on the radial solution. On the horizon, the relevant boundary condition is to impose that there are purely ingoing waves. Just to the inside of the semipermeable surface we allow a linear combination of ingoing and outgoing waves, and approaching spatial infinity there should be purely outgoing waves,
where r + is the tortise coordinate defined by dr * dr = r 2 +a 2 ∆ . Note that on the horizon, while the group velocity is negative, the phase velocity is positive for frequencies in the superradiant regime.
In the low energy limit, ωM 1, the radial equation is amenable to the method of matched asymptotics. In the near-field region, (r − r + ) ≤ 1 ω , the radial equation reduces to
(16) The solution, corresponding to ingoing waves at the horizon, is a hypergeometric function,
where z = r−r+ r−r− and, following [20] , we have defined the superradiant factor
The arguments of F include a = l + 1 + 2iω, b = l + 1, and c = 1 + 2iω.
In the far-field region, r − r + M , spacetime is approximately flat so the radial equation reduces to
The general solution can be written as a linear combination of ingoing and outgoing Hankel functions,
In the intermediate region, M r − r + 1 ω , one can match the large r expansion of (17) to the small r expansion of (20) . The matching procedure [20] relates the coefficients of the solutions,
where
in terms of the parameter
This fixes all the coefficients in terms of one parameter, e.g. α, the normalization of the outgoing solution in the far-field region.
To impose the semipermeable surface condition at r = r m we demand that outside the surface the solution is purely outgoing and also that Φ is continuous at r = r m . Letting αT be the amplitude of the transmitted wave, we arrive at the relationship
In the far-field region, ωr m 1, the solutions are spherical waves with radial dependence ∝ 1 r e ±iωr . Thus the ratio of Hankel functions simplifies to an exponential function (−1) l+1 e 2irmω . Bringing together the matched solution constraint as well as the constraint of continuity across the semipermeable surface we arrive at an equation relating the transmission coefficient T to the frequency,
This is a transcendental equation for ω, but in the present regime with ωM 1, the solution to first order in ω takes the following form when γ ≈ 0,
for n ∈ {0, 1, 2, ..}. We now treat the problem perturbatively to first order in γ. Assuming a solution of the form ω = ω 0 + iδ where δ ω 0 , we can Taylor expand (25) to obtain
Thus the complete solution for ω in the limit ωM 1 is approximately
Now that we have obtained the quasinormal modes of this system we can find the transmission coefficient necessary to ensure the stationarity of the scalar field by setting (ω) = 0,
In the T → 0 limit (perfect reflection) we see that the only stationary solution is the original scalar cloud, ω = mΩ H , as expected. The energy momentum tensor for this configuration is completely time independent. The outward energy flux through the horizon is strongly dependent on the scalar frequency ω and horizon angular velocity Ω H ,
(30) By the continuity and stationarity of the scalar field, all of the energy flux out of the horizon must be carried away by a conserved radial current, i(Φ∂ r Φ * − Φ * ∂ r Φ). As a consistency check, we calculate the radial energy flux on the horizon F r E ≡ H∩Σt dS n µ j µ where n µ ∼ ∇ µ r is the radial normal vector,
(31) Differentiating (17) and evaluating the expression on the horizon we find the radial energy carried away from the horizon precisely matches the energy flux through the horizon,
(32) Thus the extracted energy is indeed carried away from the black hole in the form of a scalar current. We can proceed to ask how the rate of energy extraction depends on the rotation speed of the black hole. Using (21), the near-region normalization constant can be expressed in terms of the far-region normalization constant. The full expression for the energy extraction rate then takes the form,
It is interesting to compare this fully analytic result with the numerical and perturbative results for the radial energy flux sourced by the BZ magnetosphere. Ideally, it would be useful to normalize the flux by the energy on the horizon for example, dS T µν k µ k ν , to factor out the arbitrary overall amplitude. Unfortunately, in KerrSchild coordinates, the electromagnetic energy density vanishes on the horizon in the extremal limit. Thus, we will instead simply compare the qualitative shapes of thė E(Ω H ) curves, by normalizing the fields such that the maximum energy extraction rates are equal. This provides no information about the relative efficiency, but it still allows one to compare the features of the curves. The BZ curve we use in this comparison is the O(Ω 8 H ) approximation to the split monopole magnetosphere obtained in [12] , which has been shown to closely match the results of numerical simulations.
As shown in Fig. 1 , the energy extraction rate increases monotonically with the horizon angular velocity Ω H because the black hole is effectively a stronger power source. In the slow rotation limit the energy extraction rate is negative because the superradiant condition is not met. This behavior does not occur in the BZ mechanism where insteadĖ → 0 in the slow rotation limit. Since we've only considered small ωM , energy is extracted for most of the spin range and the qualitative similarities between the scalar solution and the BZ mechanism are more obvious. Both our curves and the plotted BZ curve increase slowly for small spins, increase fairly linearly for intermediate spins, and saturate to a constant value near maximal spins. This saturation behaviour has been seen in GRMHD simulations of the BZ process, but until [12] it had not been predicted by theoretical calculation. Our calculation is valid for the entire range of spins and also displays this saturation behaviour, which is suggestive that this qualitative behaviour of the power curve is universal for stationary BH energy extraction.
To analyze the similarity of the power curves in more detail, we develop expansions of (33) in the slow-rotation and near-extremal limits, taking M = 1, ω = 0.01, l = m = 3 as an example. The slow rotation expansion, with the amplitude normalized as detailed above, takes the forṁ
This can be compared with the expansion for the BZ radial power [12] ,
The curves (34) and (35) agree well for Ω H 0.2. The primary distinction is the presence of only even powers of Ω H in the latter case, as a consequence of the structure of the electromagnetic energy momentum tensor.
We also show the corresponding expansion in the nearextremal limit, in powers of ζ = Ω H − Ω ext H , where the extremal limit in these units corresponds to Ω 
This clearly exhibits extremal saturation, with the approach to the limit being almost quadratic in ζ due to suppression of the linear term. The scaling is similar to the BZ curve for Ω H 0.2.
IV. CONCLUDING REMARKS
We have studied stationary scalar cloud configurations around Kerr black holes as tractable proxies for the force- free magnetosphere within the BZ mechanism. While local perturbations of the scalar cloud tend to move the existence curve for the solution around in parameter space, we found that introducing a semi-permeable membrane outside the ergosphere could, with a tuned transmission coefficient, lead to a stationary radial energy flux. In detail, we solved the scalar field equation analytically in the long-wavelength limit, ωM 1, which allowed a calculation of the tuning condition required to cancel the imaginary parts of the quasinormal modes. This tuning is similar to the threshold existence condition for scalar clouds, as it lies in between the decaying regime of superradiant scattering and the exponential instability induced in the presence of a perfectly reflecting mirror. The rate of energy extraction was calculated for the entire range of BH spins and compared to the most recent results for the BZ split monopole solution. The curvesĖ(Ω H ) obtained from the scalar field proxy were qualitatively quite similar to those for the BZ process (e.g. as recently obtained in [12] ), especially in the physically interesting near-extremal regime.
Throughout, these computations were performed in the probe limit, ignoring backreaction on the metric. This is a physically motivated assumption for the BZ process, where the energy density outside the black hole is generally assumed to be negligible compared to the impact of the BH itself. In the present case, one can also ask about the backreaction of the semi-permeable membrane introduced to generate the stationary energy flux. The boundary conditions ensure that this surface carries finite scalar charge density, and thus energy density. Its backreaction could be determined by imposing the appropriate Israel junction conditions, and it would be interesting to explore this in more detail. In the full theory, it would be interesting to see if stationarity could be maintained with this membrane sitting at the (spherically or axially symmetric) analogue of 'floating' orbits [3] . It would also be interesting to study the energy extraction rate further in the near-extremal limit, where there was a close resemblance to the curve for the BZ process, as this may provide physical intuition into the physics of the BZ mechanism for astrophysically relevant rapidly-rotating black holes. Finally, it would also be interesting to study the analogue of this system with anti-de Sitter boundary conditions, where the holographic correspondence may allow further insight into classical energy extraction from rotating black holes [26] .
